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Abstract. Inspired by the recent works of Srivastava et al. [2], Frasin and Aouf [5] 
and others [TJ [SJ [JJ [TTJ [TH] , we propose to investigate the coefficient estimates for a general 
class of analytic and bi-univalent functions. Also, we obtain estimates on the coefficients 
|<Z2 1 and |a.3 1 for functions in this new class. Some interesting remarks, corollaries and 
applications of the results presented here are also discussed. 



1. Introduction 

> 

■ Let A denote the class of functions of the form 

+-> 

C3 



(N 

in 



oo 



f(z) = Z + J2*nZ n (1.1) 

n=2 

which are analytic in the open unit disk U = {z : z G C and \z\ < 1}. Further, by S we 
shall denote the class of all functions in A which are univalent in U. 
\ For two functions / and g, analytic in U, we say that the function f(z) is subordinate 

to g(z) in U, and write 

f{z) -< g(z), zeU, 



if there exists a Schwarz function w(z), analytic in U, with 

w(0) = and \w(z)\ < 1, z G U, 



such that 

f(z)=g(w(z)), zeU. 
In particular, if the function g is univalent in U, the above subordination is equivalent to 



f(0)=g(0) and /(l)cj(U). 

Some of the important and well-investigated subclasses of the univalent function class 
S include (for example) the class S*(a) of starlike functions of order a in U and the class 
K,{a) of convex functions of order a in U. By definition, we have 

S*(a) := j/ : / G S and 3? (^y) > «; z6U; < a < l| (1.2) 

and 

/C(a) := |/ : / G 5 and K ^1 + ^JJJJ^ j > «; ^ G U; < a < 1 j . (1.3) 
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f(z) J ' " ' " K 2' 2 



;i-4) 



It readily follows from the definitions ( 11. 2p and (II. 3p that 

fe!C(a)^zfeS*(a). 

Also, let Sp{a) and Cp(a) denote the subclasses of S consisting functions f(z) which are 
defined, respectively by 

S|(a) := j/ : / G SandK ^^^-) > acos/3; zGU; < a < 1, /3 G {— ^ 
and 

C?(a):=|/:/e5and»U^^^J >acos/3; z elJ; < a < 1, /3 G (-- , ~)J . 

(1.5) 

It is easy to see that 

/ G C?(a) 2/' G £g(ar). 
It is well known that every function / G <S has an inverse defined by 

/"W*)) = z, z G U 

and 

/(/-»)=«>, H<r (/); r„(/)>± 

where 

f~ l (w) = w — a 2 w 2 + {2a\ — a-s)w 3 — (5al — 5a 2 a 3 + a^w 4 + . . . . (1.6) 

A function / G A is said to be bi-univalent in U if both f(z) and f (z) are univalent 
in U. Let £ denote the class of bi-univalent functions in U given by ( 11.11) . Examples of 
functions in the class £ are 

— ^— , -log(l-z), -log(--^ 
1 — z 2 \1 — z 

and so on. However, the familiar Koebe function is not a member of E. Other common 
examples of functions in S such as 

z — — and 



2 1-z 2 

are also not members of £ (see [6l [T^]). 

In 1967, Lewin [9] investigated the bi-univalent function class £ and showed that \a 2 \ < 
1.51. On the other hand, Brannan and Clunie [2] (see also [31 HI [15]) and Netanyahu 
[TT] made an attempt to introduce various subclasses of the bi-univalent function class E 
and obtained non-sharp coefficient estimates on the first two coefficients | a 2 1 and |a 3 | of 
(II. ip . But the coefficient problem for each of the following Taylor-Maclaurin coefficients 
\a n \ (n G N \ {1, 2}; N := {1, 2, 3, • ■ ■ }) is still an open problem. Following Brannan and 
Taha [4], many researchers (see[H El El El El QUI EH EEH CEO EH]) have recently introduced 
and investigated several interesting subclasses of the bi-univalent function class E and 
they have found non-sharp estimates on the first two Taylor-Maclaurin coefficients \a 2 \ 
and \a%\. 

Motivated by the above mentioned works, we define the following subclass of function 
class E. 
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Definition 1.1. Let h : U — > C, be a convex univalent function such that h(0) = 1 and 
h(z) = h(z), for z G U and $l(h(z)) > 0. A function f(z) given by (jl.ip is said to be in 
the class J\fV£' x ((3, h) if the following conditions are satisfied: 

/ G £, e i/? ^(1 - A) (^^Y + A/'(z) j ^ /i(z)cos/3 + isin/3, z G U (1.7) 

and 

(1- A) + A^H J ^ /i(w)cos/3 + ^sin/3, welJ, (1.8) 

where (3 G (— tt/2, vr/2), A > 1, // > and the function g is given by 

g(w) = w — ci2W 2 + (2a| — a 3 )w 3 — (ha\ — 5a 2 a 3 + a^jw 4 + . . . (1.9) 
the extension of f^ 1 to U. 

Remark 1.2. If we set = |±|f , -1 < B < A < 1, in the class MV£ X (f3, h), we have 
AfVg X (/3, f±|f ) and defined as 

/ G E, e«^(l - A) " + A/ '(.) (M) ^ -< cos /? + i S i n ftz6U 

and 

e* f (1 - A) f^V + A</H f ^ ^ -< cos /3 + z sin 0, wGD, 

\ \ w J \ w J J 1 + Bto 

where /3 G (—tt/2, 7r/2), A > 1, // > and the function g is given by ( 11 ,9f) . 

Remark 1.3. Taking ft,(z) = 1+ ^~^ a ' |z , < a < 1 in the class AfV£ X (/3,h), we have 
J\fV£ (f3, a) and / G NV^ x (f3i a) if the following conditions are satisfied: 

^^ M + A/'(z) f^y ] ) >«cos/3, 0<a<l; zGO 



/ G E, U ^ ^(1 - A) ( 



and 

Ul-A) ^^y + A^'H (^y ^ >acos/3, < a < 1; w G U, 

where (3 G (—tt/2, 7r/2), A > 1, // > and the function g is given by ( 11 .91) . 

Remark 1.4. Taking A = 1 and /i(z) = 1+ ^~^"' >z , < a < 1 in the class MV^ X {f3 } h), we 
have J\fV£ (0, a) and / G AfVQ 1 ^, a) if the following conditions are satisfied: 

7(*) N "- |N 



/ G E, R (e^s) ^ 



> a cos /3, < a < 1; /x > 0; zGD 



and 

3? ^V(w) j > acos/3, < a < 1; // > 0; w G U, 

where /3 G (— 7r/2, 7r/2) and the function g is given by (11 .9p . 
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Remark 1.5. Taking fi + 1 = A = 1 and h{z) = 1+ ^~ 2 2 "^ , < a < 1 in the class 
A/'Ps A (/3, /i), we have jVT 3 ^' a ) an d / e NV^ 1 ^, a) if the following conditions are 



satisfied: 



/ G S, K I e i/3 ^|-^ ) > acos/3, < a < 1; zGU 



K I e ^ W9 } w J ) > acos/3, < a < 1; w6lJ, 



and 

where /3 G (— 7r/2, 7r/2) and the function g is given by (11. 9p . 

Remark 1.6. Taking /i = 1 and h(z) = 1+ ^~ 2a ^ , < a < 1 in the class AfV£ x ((3, /i), we 
have J\fV^ X (f3, a) and / G J\fV^ X ((3, a) if the following conditions are satisfied: 

/GS, 9^e i/3 ^(l-A)^+A/'(z)JJ >acos/3, < a < 1; A > 1; zGO 

and 

3? (^e l/3 ^(1 - A)^^ + Ay'HJ J > acos/3, < a < 1; A > 1; to6U, 
where /3 G (— 7r/2, 7r/2) and the function g is given by (jl.9p . 

Remark 1.7. Taking = A = 1 and = 1+ ^~^ a - >2: , < a < 1 in the class J\fV^' X ((3, h), 
we have A/ r 7 ? E ,1 (/3, a) and / G NV-z {fi, a) if the following conditions are satisfied: 

/ G E, SR (e i/3 f (*)) > acos/3, < or < 1; z£U 

and 

3? (e'VH) > «cos/3, < a < 1; w G U, 
where (3 G (— 7r/2, 7r/2) and the function g is given by ( 11.91) . 

We note that 

(1) J^V^\Q,a) = H% (see [H]) 

(2) A/^' A (0,a) =B E (a,A) (see [5]) 

(3) A/T^O, a) = J- E (a) (see [10]) 

(4) ^ 1 (0,a)=^(a) (see [13]) 

(5) A/"P£' A (0, a) = A/£' A (a) (see 0). 

In order to derive our main result, we have to recall here the following lemma. 
Lemma 1.8. [121 EE] Let the function (p(z) given by 

oo 
n=l 

be convex in U. Suppose also that the function h(z) given by 

oo 

h{ Z ) = J2 h nZ n , 
n=l 

is holomorphic in U. // h(z) -< (p(z), z G U, then \h n \ < \Bi\, n G N = {1, 2, 3, . . . }. 
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The object of the present paper is to introduce a general new subclass J\fV£ X ((3, h) of 
the function class £ and obtain estimates of the coefficients 1 0,2 1 and | a, 3 1 for functions in 
this new class AfV£ (/3, h). 

2. Coefficient bounds for the function class J\fV^' x ((3, h) 

In this section we find the estimates on the coefficients |a 2 | and 1 0.3 1 for functions in the 
class NV£ X ((3,h). 

Theorem 2.1. Let f(z) given by fO) be in the class AfVg (p, h), < a < 1, A > 1 and 
figeqO, then 



and 



M < 



|a 3 | < 



2| J B 1 |cos/3 
;i+^)(2A + ^) 

2 1 B 1 1 cos (3 
(2A + /i)(l + /i)' 



where (3 e (-7r/2,7r/2). 

Proof. It follows from ( II. 7p and fll.Sp that there exists p,q such that 



and 



(1-A) 



(1-A) 



9M 
w 



+ Xf'(z) 



+ WW 



9W 
w 



n-v 



p(z) cos (3 + i sin (3 



where p(z) -< h(z) and q(w) -< h(w) have the forms 

p(z) = 1 + piz + p 2 z 2 + . . . , zGU 

and 

q(z) = 1 + giw + g 2 u> 2 + . . . , w eU. 
Equating coefficients in (12. 3p and (12.41) . we get 

e l/3 (A + /i)a 2 = pi cos (3 



K/i-l) + a 3 



(2A + /i) = p 2 cos /3 



e J/3 (A + /i)a 2 = q\ cos /3 



and 



(^ + 3)^-a 3 



(2A + /i) = q 2 cos /3. 



Pi = -9i 



From (J22D and O, we get 
and 

2e if3 (X + f i) 2 a 2 2 = (p 2 1 + q 2 1 )cos 2 (3. 
Also, from O and fl2TTU]) . we obtain 

e" J/3 (p 2 + g 2 ) cos/3 



(2.1) 
(2.2) 



(2.3) 



p(w) cos/3 + isin/3, (2.4) 



;i + M )(2A+ M ) 



(2.5) 
(2.6) 

(2.7) 
(2.8) 
(2.9) 

(2.10) 

(2.11) 
(2.12) 

(2.13) 
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Since p,q G h(V), applying Lemma [1. 8 [ we immediately have 

pM(0) 



and 



\Pn 



Vln 



g M(0) 



m! 



< LBi , m G N, 



< m G N. 



(2.14) 



(2.15) 



Applying (12.141) . (I2.15P and Lemma [L8l for the coefficients pi, P2, qi and q2, we readily 

get 



\ a 2\ < 



2|Si|cos/3 



;i + /i)(2A + /i)- 

This gives the bound on |a 2 | as asserted in ( 12. 1ft . 

Next, in order to find the bound on |a 3 |, by subtracting ( 12. 10ft from ( 12.81) . we get 

2(a 3 - ai)(2A + //) = e"^ - g 2 ) cos/3. (2.16) 

It follows from ( 1215)1 and ( 12161) that 

= e~ i/3 cos/3(p 2 + g 2 ) e~ lf) (p2 - g 2 )cos/3 
° 3 (l + /i)(2A + /i) 2(2A + ^) ' 1 ' j 

Applying ( 12. 141) . ( 12. 151) and Lemma fl~8l once again for the coefficients p±, p 2 , qi and g 2 , 
we readily get 

2IS1ICOS/3 
|as| - (2A + /i)(l + /i)' 
This completes the proof of Theorem 12.11 □ 

3. Corollaries and Consequences 



In view of Remark 11.21 if we set 

1 + Az 



and 



h{z) 



h{z) 



1 + Bz 

1 + (l-2a)z 
1-2 



-i< s < A < 1, zeu 



< a < 1, -2 G U, 



in Theorem I2.1[ we can readily deduce Corollaries 13.11 and I3.2[ respectively, which we 
merely state here without proof. 

Corollary 3.1. Let f(z) given by (TX2P be in the class AfV£ x (f3, 1+Az 



then 



and 



|a 2 | < 



I « 3 1 < 



2(A - B) cos/3 
(l+/i)(2A + /i) 

2(A - B)cos(3 



(2A + //)(1 + //)' 
where /3 G (— 7r/2, 7r/2), // > and A > 1. 



(3.1) 



(3.2) 
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Corollary 3.2. Let f(z) given by ( GUP be in the class AfV£ X ((3,a), < a < 1, /i > 
and A > 1, i/ien 

/ 4(1 - a) cos/3 
|a ^V (l + ,)(2A + ,) ( 3 - 3 > 

and 

i |^ 4(l-a)cos/3 

W £ (2A + „)(! + „) ' (3 - 4) 

wnere /3 G (-7r/2, tt/2). 

Remark 3.3. When /3 = the estimates of the coefficients 1 0.2 1 and 1 0,3 1 of the Corollary 
13.21 are improvement of the estimates obtained in [SJ Theorem 3.1]. 

Corollary 3.4. Let f(z) given by ( fi.ij) fre in the class MV^ 1 (/3 , a), < a < 1 and > 0, 

then 

M < J , 4(1 ~f, )C0B ^ (3.5) 
1 21 " V (l + /i )(2 + /i) 1 J 

and 

4(1 -aQcosfl 

as < 777- — 777- — 7, (3-6) 
(2 + //)(l + //) 

where (3 G (— 7r/2, tt/2). 

Corollary 3.5. Let /(z) gwen fry ( fi.lj) fre zn tne class J\fV% (/3, a), < a < 1, iaen 



|a 2 | < V2(l-a)cos/3 (3.7) 

and 

I a 3 1 < 2(1 - a) cos/3, (3.8) 

where (3 G (— 7r/2, tt/2). 

Remark 3.6. Taking /3 = in Corollary 13.5} the estimate (13. 7p reduces to |a 2 | of PJJ 
Corollary 3.3] and (13. Sp is improvement of | tz 3 1 obtained in PJJ Corollary 3.3]. 

Corollary 3.7. Let f(z) given by II 1.1}) be in the class AfV^ X ((3, a), < a < 1 and A > 1, 

m < )/ 2(i ^tr g <3 - 9) 

and 

2(1 — a)cos/3 ,„ _ _ 

a 3 < — — -, (3.10) 

2A + 1 y J 

where /3 G (— 7r/2,7r/2). 

Remark 3.8. Taking /3 = in Corollary 13 .7[ the inequality (I3.10p improves the estimate 
of 1 03 1 in [61 Theorem 3.2]. 



Corollary 3.9. Let f(z) given by U.l}) be in the class AfV^ (fl,a), < a < 1, th 



CD 



. 2(1 — a) cos/3 

|« 2 | < V 3 (3 - H) 

and 

< 2(1 (3.12) 
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where (3 e (-n/2,n/2). 

Remark 3.10. For = the inequality (I3.12p improves the estimate |a 3 | of [T4"l Theorem 
2]- 
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